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SUMMARY

A long circular cylinder half immersed in the free surface of an ideal fluid undergoes small time periodic motions. The
method of matched asymptotic expansions is used to give a solution in the high frequency limit. Of particular interest
are the surface waves generated by this motion, and a three term asymptotic series for their amplitude is found. It is
proved that there are no eigensolutions of the infinite vertical barrier problem containing waves which are purely
outgoing, and it is shown how this can be used to predict the wave amplitude to a higher order than that of the
matching solution.

1. Introduction

A long circular cylinder, half immersed in the free surface of a fluid of infinite extent with its
generators horizontal, executes a small time periodic heaving motion. The aim of this noteis to
give details of a perturbation solution of this wave-maker problem in the high frequency
(i.e., short wave) limit.

A rigorous treatment of this problem has been given by Ursell [ 1], who obtained a first order
estimate of the amplitude of the generated surface waves and the virtual mass of the cylinder.
Later, Hermans[2] developeda ‘‘straightforward”” asymptotic method to deal with the problem,
and determined a three term asymptotic series for the wave amplitude. This method was
intuitively similar to Van Dyke’s [3] method of matched asymptotic expansions in that the
solution was approximated by different asymptotic expansions in different regions. However,
the author claimed that to the order of the solution he found, it was unnecessary to make the
asymptotic expansions in adjacent regions satisfy a matching principle.

Coordinates are chosen with the z-axis along the axis of the cylinder, the y-axis directed into
the fluid, and the x-axis lying in the free surface. The lines x=qa, y=0 and x= —a, y=0 where
the cylinder meets the free surface are denoted by P and Q respectively. We take the vertical
heaving velocity to be V cos wt, and seek a two-dimensional irrotational velocity potential
of the form Re {¢(x, y) exp (—iwt)}, which is finite at P and Q. Suppressing the time factor
exp (—iwt), the potential ¢ (x, y) is specified by the linearized conditions

¢xxt e, =0, in the fluid , (1.1)
d)n: Vy/a’ On S’ (1.2)
¢+ep,=0, on the free surface , (1.3)

where subscripts denote partial derivatives, n is the outward normal from the submerged part S
of the cylinder’s surface, and ¢ =g/w” is (1/2x) of the wavelength of the generated surface waves.
The conditions

6(0¢/06) >0 as 60, where §* = (xta)*+y?, (1.4)
¢~ A, exp{(tix—y)/e} as x>+ o0, (1.5)

ensure boundedness at P and Q, outgoing waves at infinity, and hence the uniqueness of the
potential ¢.
The method used here is the systematic method of matched asymptotic expansions developed
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by Van Dyke [3] as applied to short surface wave problems by Leppington [4, 5, 6], Ayad [7]
and Alker [8]. The basic idea is that the fluid region can be covered by a number of overlapping
domains, in each of which an asymptotic approximation for the potential ¢ (x, y) may be found,
the argument running briefly as follows.

In the “outer region”, points at distances >¢ from the free surface, the potential ¢ is written
as an asymptotic expansion involving powers and logarithms of & This expansion is formally
substituted into Eqn. (1.3) to obtain subsidiary boundary conditions of the form

$;(x, 0 =f(x), IxI>a, (1.7)

where f(x) is either zero or the derivative of a previous term. Although this outer expansion is
expected to be valid throughout most of the fluid, it is clear that the potentials ¢; do not contain
surface waves and the expansion fails near the surface. In particular, eigensolutions with
singularities at P and ¢ may freely be added to each term of the expansion, their coefficients to
be determined by matching. The limit of the outer expansion approaching these points is of
the utmost importance however, and use is made of the polar coordinates (4, ) defined at P by

(x—a, y) = (6 cos B, 5 sin B) . (1.8)

In the vicinity of the two intersection points P and @, the potential will be sensitive to the wave
bearing nature of the free surface, but will depend primarily on the local geometry of S near
these points. This suggests that the potential in these “inner regions”, points at distances < a
from P and Q, is expected to vary on a wave-length scale, and for detailed examination we take
coordinates

(X, Y)= (R cos 0, R sin 0) = ((x—a)/e, y/e), (1.9)
and the inner potential
P(X,Y)=¢(x,y) (1.10)

is defined. Note that due to symmetry we need only consider one of the inner regions. In the
inner region near P it is convenient to replace the boundary condition on S by a new condition
on X =0, by expanding S and & in Taylor series in X. The actual details of this boundary
condition and of the subsequent asymptotic expansion posed for the inner potential @ are left
to the main text, although it is noted here that each term of the inner expansion takes the form
of a classical wave maker problem, the normal derivative on the vertical wave maker being
given as a function of previously determined terms. Although the potential ¢(X, Y) must be
bounded at the origin, there is no such condition as R increases, so eigensolutions (unbounded
at infinity) must be added to each “wave maker” solution. The coefficients of the eigensolutions
in the inner and outer expansion are determined when the expansions are matched together.

The matching principle to be used is a modified version of that proposed by Van Dyke [3]:
the modification due to Crighton and Leppington [9] stipulates that all terms of the form
¢*log ¢, ¢* log log ¢ must be grouped with ¢* for matching purposes. We first define the expansion
of the inner potential @ (R, 0; &) up to and including terms of order & by (R, ¢; ¢). Then in
order to match the inner potential @ (R, 0; ¢) with the outer potential ¢(J, 0; &), we take the
limit of ¢ as R—c0, and replace R by &/e. This is expanded in ¢ (for fixed 8), and truncated to
include terms of order up to and including &, and the resulting series is denoted by ¢**.
Similarly by replacing é by &R in ¢, expanding and truncating after &%, we obtain ¢**. The
matching condition is

P = 9 (1.11)

for any s, t.

Finally, the outer expansion is extended up to the free surface (for points > ¢ from P and Q)
by simply continuing the surface waves—initially valid only in the inner regions—over the
whole free surface. _

It is worthwhile to consider the values s and ¢ must take to determine all of the coefficients of
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the eigensolutions in the two expansions. For to ensure the matching condition (1.11) determines
all inner eigensolution coefficients, t must be large enough to make (¢"E)®* non zero, where
r<sand E is an inner eigensolution. The critical case is obviously »=s with the lowest order
eigensolution (E=R sin §#—1): this demands ¢ Zs— 1. Similarly eigensolutions of the outer
region require s =t—1. As our main interest is in the surface waves and hence the inner

solutions, we choose s=t+1.
if, however, only the amplitude of the surface waves is required and not a full asymptotic
solution, we can use a simple but useful result concerning the eigensolutions of the inner
region. It is proved in the appendix that there are no eigensolutions containing waves which
are purely outgoing. So if a term in the inner expansion has an outgoing wave, its amplitude is
determined by the wave maker solution, which in turn is only dependent on previous terms of the
inner expansion—in fact of scaling ¢ lower (see boundary condition (2.8)). Thus to determine
the generated waves to order ", we need only find the inner expansion to ¢¥ ! and the outer to
gV~ 2. This result readily applies to other surface wave problems where a body intersects the
free surface normally: if the geometry of the body near the intersection point (g, 0) has the form
ey

x—a= )

r=M

ror

rl

for 2< M < oo, then the wave amplitude may be calculated to an order ¢¥ ! higher than that
at which the inner solution has been matched. The case of plane vertical intersections (M = o0)
cannot be treated in this way, though a separate treatment (using matched asymptotic ex-
pansions) has been given by Ayad [7].

In order to demonstrate the self-consistency of the system however, a full matching solution
will be given with the inner expansion found to ¢* and the outer to &. The calculated asymptotic
series for the wave amplitude differs from that of Hermans [2] in both magnitude and phase,
but far from suggesting any unreliability in singular perturbation type methods, this dis-
agreement emphasizes the need for a thorough and systematic approach. In comparison with
Hermans’ work, note should be taken of the omission of a factor of = from Eqn. (4.3) onwards
and that our outer potential ¢, suggests that the y coefficient of ¥, should be —4U/an and
not —5U/an.

2. Calculation of the asymptotic expansions

As Leppington [ 5] has already given a formulation of this problem to first order, details will
be kept to a minimum.

In the outer expansion, we certainly expect terms with unit and ¢ scaling (from conditions
(1.2) and (1.3)), hence we pose

¢~V = ¢0+3¢1+h(1)(8)¢ea 2.1)

where the term h'Y(g)¢, is added to indicate the possibility of terms of different scalings to
order &. Clearly the potentials ¢, will be eigensolutions of the outer problem. Substitution of
Eqn. (2.1) into the conditions (1.1)—(1.3) yields the following conditions for the harmonic ¢,:

¢On: Vy/a5 (pln:O» OHS,
(2.2)
¢0:0> ¢1:_¢0y9 y:07|x|>a'
We find

$o= —a’>Vy/(x*>+ y*)+ Eigensolutions .

Now the symmetric eigensolutions of the outer region are:

_ 2n+1 2Zn+ 1 2 2n+ 1
E,=Im [(Z a) - <Z+a> } ~ <§> sin(2n+1)0, as 60, (2.3)

z+a zZ—d

where z=x+1y, n 20 is an integer. However, as the existence of these eigensolutions in ¢,
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would require terms of order ¢~ *"~! in the inner expansion we conclude
(24

po= —a*Vy/(x*+y?).

Using Eqns. (2.2) and the Green’s function
—x)>+(t+y) (@ —sx+1y)* + (tx+sy)
Lis,t;x,y) =1 (s—x) 1] , 2.5
. d(? x¥)=13 g(s—>c)2—i-(t~y)2 2108 (@ —sx—ty)* + (tx—sy) 2:9)
we fin
Va2|: x*—y? < X - x+a
Y = —| 75—z |o+tan” ' — —~ ta ~1_7,>+
¢1(x,y) 7 LeET)2) 7 tan y
2.2 2 .2 2, .2
i, (n_tan~1x’+y f}fﬁtanﬂm_i@
ay ay
RN U SCANE |
(x*+y%?  d* (x+a)P+y*  a\(x*+y*)
+ Eigensolutions . (2.6)
In particular, as 6 -0,
) 5* 5*
~ —osmb + —sin — — Sin + ...
WLy 5‘0‘1'20 a2'39
4 é . .
+ & (1 + d <logsm0 + <0 - E>cos U> + —sin 0
an 2a 2, an
257 5 . > 62 .
- Ef;<logism 26046 cos 20 | + a7n(3n cos 264 sin 2())+...>}
2.7

+ ¢E,(6,0).
We now construct the new wall boundary condition in the inner region. Using the inner

potential @ and the co-ordinates (X, Y) as defined by Eqns. (1.9), (1.10), near P the condition

(1.2) becomes
B\ + F(Y)dy = eVF(Y) on X+F(Y)=0,
where — X =F(Y)=¢Y?/2a+¢> Y*/8a’ + ... is the Taylor expansion of S near P. Expanding

(X, Y) as a Taylor series in X about X =0, and replacing X by —F(Y) we find
2
(Y4 (DXXX*4Y3(DYX) +

&

E
By + 5 QYy = Vi) + o

&’ 3 4 Yo 5 ¢ g 3
o ([12Y2 0= Y Oy = = P+ Yoy | = VY 2y VY
on X=0. (2.8)

Replacing & by £R in Eqn. (2.7) and expanding in &, we find terms with scalings e, gZloge, &% ...
(2.9)

which suggest the following expansion for the inner potential &,

B~ PP =P +etloge D +e2D,+ [D(e) D,

On substituting this expansion into the conditions (1.1), (1.3) and (2.8), we find that the potentials
®,(X, Y) are harmonic and must satisfy the conditions
®+ Py =0, Y=0, X>0, (2.10)
By =Dx=0, X=0,Y>0, (2.11)
X=0,Y>0. (2.12)

@y = —(120)2YPoy — Y Doyy)+VY/a,
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It is now clear that each inncr potential is the solution of a classical wave maker problem, the
solutions given in terms of the Green’s function G are

®,(X, Y) = j @, (0, Y)G(O, Y'; X, Y)dY', (2.13)
0
where

GX, Y ; X, Y)=G{(X, Y ; X, V)+Go(X,Y; —X,Y) (2.14)
is defined by
Go(X, Y X, Y)= —iexp {ilX' = X|—(Y'+Y)} +

- L g
47_,: g (X/_X)2+(Y’_Y)2
1= Y+ Y)t—sin (Y’ ,
B ;j tcos(Y'+ 1;):_ tZSHl(Y +Y)t e IX =xie gy
We find °
$,=A(Rsinf-1), (2.15)
®,=B(Rsin0—1), (2.16)
@, = —(2A4/a)(¥+C(Rsin §-1)), (2.17)
where

2
¥ = 4R*sin 20— R cos § + — R(sin 0 log R+ 6 cos 0)
n

2 2 2j°°tcos Yt—sin Yt

—~Zlog R — = — 2ieX-Y M S S S 2.18
z OB n e o 1412 (2.18)

T
As the integral in Eqn. (2.13) only converges if @5, —0 as Y'—co, simple harmonic potentials
satisfying the free surface condition (2.10) are subtracted from the potential @, before Eqn.
(2.13) is used. In this case, allowing for logarithmic singularities at the origin, the condition
(2.12) can be satisfied exactly. The singularity is then removed by the addition of a suitable
multiple of G(0, 0; X, Y), and hence ¥ is obtained. Note that higher eigensolutions of the form
R*"*1sin (2n+ 1)6—(2n+ 1) R*" cos 2nf should have been added to each potential (especially
before the use of Eqn. (2.12)) but as each would require a term in the outer expansion of order
¢~ ! or worse, they have been omitted.

The inner and outer expansions are now matched together using the condition @1 = ¢t1-2),
We find

KO(E) = 19(e)= 0, A= —V, B=4Vjan, C = % (1—log 2a), (2.19)
and the outgoing waves are
¢~ —(@V/jan)e* e e eFIETIE L ag x5t o0 . (2.20)
To continue, we pose for the outer expansion:
P ~¢P=oted,+e2P,+hP(e), . (2.21)
The potential ¢, is harmonic and must satisfy
¢$,=0o0n S, ¢,=—¢,, y=0, |x|>a. (2.22)

Using the Green’s function, Eqn. (2.3) we obtain
4V 4 Va? 1 1\ 4y/ 1 1
¢z=‘—***¢1+?|}12)’(3x2—y2)<m+ae>+ "5< +"z“> +
+ T(2)—T(z)—T(a*/z)+ T(aZ/E)} + Eigensolutions , (2.23)
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T(z) = — é(;lg + %) (<log<;lz>) g 2ni log(ilz» . (2.24)

Here, z=x+1y, the cuts in log(zF a) are taken from +a to +oo along the real axis, and
log(xFa+iy)—In(xFa) as y—»0,, x >a Note ¢, is real. In particular,

4V é § . T 7
¢2~a7n*2{2an+anlog§;l+5[4<log§58m0+<0—§>cosﬁ>—«2—cosﬁ+
+ 21lo i00080—#(10 22-02>sin0— (10 icosG—OsinH)
g2a g 2a T g2a ,

— (r*—2)sin 9] + } + E,(6,0), as 6-0. (225)

The presence of the (log(6/2a))* term implies the existence of a potential with scaling &* log?«
in the inner expansion, and so we pose

@~ PP =P +etloge®, +e* P+ logie®s+eloged, +6° P +1V(e)D,.  (226)

As before the boundary conditions for the new potentials are obtained by substituting the
above expansion into Eqgn. (2.8):

(D3X = (peX = 0 ’ (227)

Qux= —(120)2YD y ~ Y? Dixx) > (2.28)

Gsx=—(1/20)2Y D,y — Y2<D2XX)——(1/8a2)(Y4<DOXXX—4Y3<P0YX) ,on X=0,Y>0.
(2.29)

(The wave amplitude to ¢’ may now be found directly: the potentials &, and @, are clearly
wave free, &, has wave amplitude exactly - 4/an times that of @,, and & has outgoing wave
—2ie XY [P Py eV dY’). Tt follows that

@, = D(Rsin0—1), (2.30)
@, = —@V/a*n)(Y+F(Rsin6—1)). (2.31)
Substitution of Egns. (2.15) and (2.17) into Eqn. (2.29) gives for the potential @,
2V 4V 2V
@5x(0,Y)=— m(5—2 log24)Y - e Ylog Y + e
2iV 2V ¢ ® ¢*sin Yt+tcos Yt
— = QRY-Y}e ' — o — 25 dt>. 2.32
a? @Y—Y%e a*n 8Y< o 1+¢2 (232)

Suitable harmonic potentials are subtracted from the potential &5, then use of the Green’s
function Eqn. (2.14) gives:

G(0, Y'; X, Y)(Y' log Y'— Hy. (0, Y’))dY’>+

a’n 0

P(X,Y) = 2V {(2log2a—5)‘1’~2<H + S

“tcos Yt—sin Yt
—~———~—e*’“dt>

+ 2<R(10gRsin 0+ 6 cos 0)—log R—1—ine!* ™" — S :
0 1+¢

dtdY’ +

—inS G(2Y/—Y’2)e‘y'dY’+j Gy Y7
0

r’ t?sin Y't+tcos Y't
0

0 1+¢2
+ (R sin 0—1)+v(R? sin 30 — 3R? cos 20)} . (233
Where H is given in terms of Z=X +i1Y by
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H(X, Y)=Re {— %zz log(Z+1) + %zz - 17E2(1c>g(-—i(z+1)))2

1 2 2i
— ~(log(Z+ 1)} — = log(Z+1) + ilog(Z—H)—F
T

n L+

4+nZ T 1 iz
LT 4t 234
+27r(Z+1)+4+2+2} (2.34)

In particular, as R — oo,
2V

b5 ~ T{((14—4(10g 2a+y))i—3in)e* Y — R*(log R sin 20+ 6 cos 20) +
a’n

2 7\
+ (log 2a—2)R?sin 26 — ER[<log2R — <6 - g) )sm 6+2<6 — g—>cos 0 log R:I +

SEIN

2
+ —(log 2a—2)R(log R sin 6+ 6 cos 0)+(5—2 log 2a)R cos 0 + . (logR—0%) +

+

q |

4 .
(3—1log 2a) log R + ;(2—log 2q) — g + u(Rsin6—1) +

+ v(R?sin 30— 3R? cos 29)+0(1)} . (2.35)

The eigensolution coefficients D, F, u and v are determined using the matching condition
P32 =23 {0 be

D= —4V/a*n*, F =2(2—-log 2a)/m ,

(2.36)

g =2(3n%*/4—2+4log 2a—log*2a)/n, v= —mn/2.

Also, h'?()=1®(e) = 0.
The solution is satisfactorily completed, and the outgoing wave trains are given by
2V | —2amie* +4ic* log & + } . ,
~ —iafe J(Tix—y)/e

¢ azn{+=((14—4(log 2a+7v))i—3in)e? € ¢ » 8 X +o0, (2.37)
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Appendix: Eigensolutions of the infinite vertical barrier problem

We define an eigensolution of a sloping beach problem to be a solution satisfying homogeneous
boundary conditions with no incoming wave, which is harmonic in the fluid and bounded at
the intersection of the free surface and the beach. As we are only interested in eigensolutions
which will match with some outer potential we may assume that the solution minus its outgoing
wave is bounded by R for large R. It is well known that if « < 0 the eigensolution is identically
zero, but if o is merely restricted to be a positive integer, eigensolutions do exist. With all
sloping beach problems except the vertical case, these solutions have outgoing waves. We now
prove that eigensolutions of a vertical beach problem are wave-free.
We seek potentials @, harmonic in the quarter plane X>0, Y >0, which satisfy

P+dy, =0, Y=0,X>0,
b, =0, X=0,Y>0,
R(¢6®/0R)—0, as R—0,
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& has no incoming waves , (A1)
@ =0(R") as R— o0, 0< 0< /2 for some integer N . A.2)

To distinguish between the wave-like and wave-free parts of @ (for large R), we note that the
surface wave potentials e”* 7Y and ¢* ¥ (corresponding to incoming and outgoing waves
respectively) may be differentiated any number of times and still remain O(1) as R— oo, 0=0.
Thus, due to (A.1) and (A.2), there exists an integer M and a complex number A (the amplitude
of the outgoing wave) such that

62M

SRV (@—Ae* ¥)=0(1/R), as R— o0, 0<0< 1/2. (A.3)

Recall that if the potential Q is an eigensolution which satisfies
Q—-Ae*Y=0(1/R), as R0, 05 0= /2, (A4)

then Q is identically zero, and A =0.

We now prove that the existence of the eigensolution & with non zero constant 4= A4* in
(A.3), implies the existence of the eigensolution 2 with outgoing wave A*e'*~ ¥ which satisfies
(A4).

Firstly, the potential @ is harmonic in X 20, Y 20. The Schwarz Reflection Principle can
be used to make an analytic continuation of ¢ across X =0, Y >0 and Y=0, X >0, so we need
only show that @ is harmonic at the origin. Using Green’s Theorem on @ and G (the exact
Green’s function (2.8)) in the quarter circle bounded by

I'':0sX=1,Y=0; [,:0=2Y=1,X=0; I:020<n/2,R=1;
we find
(X, Y) = j GX,Y; X, Y)Pr (X, YY)~ (X', Y)Gr (X', Y'; X, Y))ds. (A.5)
r

Now as @ and @ are harmonic on I', and G (cos 0', sin §'; X, Y) is harmonic for X2+ Y2< 1
say, (A.5) provides an analytical continutation of ¢ into this circle about the origin, and in
particular @ is harmonic at the origin. So @ and any derivative of @ is harmonic in X =0,
Y =0.

Finally, if @ is an eigensolution with wave amplitude A*, then @y, is an eigensolution with
the same wave amplitude. For

52
5 @40, Y)=0,

¢YYX(O, Y) = ﬁ’_

2

Dyy(X, 0)+ Dyyy(X,0) = — (3—8)?5 (@(X,0)+Py(X,0)=0.

Hence Q=(6*"/0Y*™)® is also an eigensolution, but
Q—A*e*"=0(1/R), as R 0<0=<n/2,

where 4* #0. Contradiction.

Journal of Engineering Math.,Vol. 9 (1975) 197-205



Radiation of short surface waves by a heaving circular cylinder 205
REFERENCES

[1] F. Ursell, Short surface waves due to an oscillating immersed body, Proc. Roy. Soc. Lond., A220 (1953) 90-103.

[21 A. J. Hermans, A perturbation method for the radiation of surface waves, J. Eng. Maths., 6 {1972) 323-330.

[3] M. van Dyke, Perturbation Methods in Fluid Mechanics, Academic Press (1964).

[4] F. G. Leppington, On the radiation and scattering of short surface waves, Part 1, J. Fluid. Mech., 56 (1972) 101-119.

[5] F.G. Leppington, On the radiation and scattering of short surface waves, Part 2, J. Fluid. Mech., 59 (1973) 129-146.

[6] F.G. Leppington, On the radiation and scattering of short surface waves, Part 3, J. Fluid. Mech., 59 (1973} 147-157.

[7] A. M. Ayad, To be published.

[81 G.Alker, High frequency waves trapped in a two-dimensional canal, Quart. J. M ech. Appl. Math.,27 (1974) 347-363.

[9] D. G. Crighton and F. G. Leppington, Singular perturbation methods in acoustics: diffraction by a plate of finite
thickness, Proc. Roy. Soc. Lond., A335 (1973) 313-339.

Journal of Engineering Math.,Vol. 9 (1975) 197-205



